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EFFECT OF CURVED SURFACES ON TURBULENT
BOUNDARY LAYERS1

H, Wilcken

Introduction

When a liquid flows along a wall the layer of the
liquid next to the wall is slowed down due to the friction
and forms a so-called boundary or friction layer, in which
the speed next to the wall gradually is reduced to the value
of zero, 1In most practical cases the flow in this boundary
layer is not laminar but turbulent, Since, as Prandtl2 has
demonstrated, this boundary layer is the key to understanding
energy losses and resistance in flow movement, thorough re~
search into the phenomena connected with these turbulent
boundary layers is of extraordinary importance, For straight,
smooth walls without significant loss of pressure along the
line of flow the most important laws concerning this boundary
layer flow, in particular the speed distribution, have to
some degree been explored3. Work has also been done on the
influence of a pressure drop (pressure reduction and pres-
sure increase)4 and of wall unevenness®, It was also assumed
that a curve in the wall in the direction of the flow influ-
ences the boundary layer phenomena., That is, because the
various parts of the boundary layer are variously affected
by centrifugal force in the presence of a curved surface, a
concave surface produces a tendency to force the fast parts
of the flow toward the surface and the slow parts away from
it. This tendency favors the exchange of the slow layers next
to the surface with the faster ones on the inside of the
flow. Thus it reinforces the already existing turbulent ex-
change procedure. The contrary is the case for convex sur-
faces. Here the centrifugal force has a stabilizing effect,
reducing the turbulence, About the degree of this influence,
however, nothing was known up to the present time.



The investigation described in the following was un-
dertaken for the purpose clarifying this influence of curva-
ture upon turbulent boundary layers®., The inner and outer
wvalls of a curve of rectangular cross section served as the
curved surfaces. A number of investigations on flow pheno-
mena against curvatures have already been undertaken in the
abstract?. However, these concern a significantly different
phenomenon, namely the so-called secondary fl ows. Because
the fast parts of a flow are forced outward, two secondary
flows arise, which superimpose themselves helically upon the
main flow,

As explained above, however, the problem examined in
the present work is a significantly different one, Here,
the experimental equipment must be so arranged that the sec-
ondary flows are as small as possible because observation of
the phenomena connected with the problem is considerably more
difficult, This was accomplished by making the dimension of
the curved surface cross section considerable shorter in the
radial direction than in height, so that quite good flow con-
ditions were obtained, except for the upper and lower por-
tions of the curved surface, Measurements at various heights
on the curved surface confirmed this assumption,

The experiments were carried out with air, Compared
to water, this has the advantage that adequately large dimen-
sions of the experimental objects can relatively easily be
used, and that the measurements are more easily taken, The
speeds used did not exceed 25 m/sec, so that the air was to
be dealt with as an inelastic flowy, since air compressibility
makes itself felt only in the neighborhood of the speed of
-sound.

I. Experiments

1, Experiment Apparatus

The walls of the curved chamber in which the experi-
ments were carried out were of sheet brass, one millimeter
thick; the cover and bottom were made of wood, The experi-
ment apparatus used for the main experiments is shown in
Fig. 1., The air is sucked into the chamber by the fan, G.

It enters through a straightener, Gl, is led through a suit-
able entrance duct to the curved chamber, where it is deflect-
ed 180 degrees. From the chamber an expanded duct leads to
the fan, The cross section of the curved channel was rec-
tangular, height was 65 centimeters, the vertical distance



between the walls 9.5 cm, and curve radii of the walls 40.5
and 50 cm, respectively, Iron rings, p, were screwed to the
chamber walls for reinforcement. Wooden rings, o, of square
cross section were fastened to the reinforcement, into which
splines were set next to the brass walls of the chamber,
Square rubber strips made the splines air-tight, The entire
curved chamber apparatus was firmlyscrewed to the bottom, m.
the cover was fastened to the chamber with clamps in order

to facilitate its removal and replacement, The straightener
at the air intake was composed of strips of sheet zinc criss-
crossed to form tubes 15 cm long and 5 x 5 cm in cross sec-
tion, The exhaust fan was a four-bladed ventilator, attached
to the axle of the motor, m, A rheostat connected to the
motor permitted regulation of the motor revolutions and there-
by the amount of the air flow.
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Fig. 1. Experimental Apparatus for Slight Curva-
ture

ILegend]: 1) Air inflow,

Prior to the main experiments with the apparatus just
described, a number of other devices were tried out, which
however, proved less suitable for the intended purposes, One
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of these is shown in Fig. 2. (Curve radii 10 cm and 20 cm

or 15 and 20 cm.) 1In addition, an entrance channel, consist-
ing of parallel walls of wood, is found between the straight-
ener box and the beginning of the curvature channel.

zum ventitartor

Fig. 2. Experiment Device for Strong Curvature

|Legend]: 1) To fan.

In the experimenis the static pressure on the chamber
walls was taken by means of fine drill holes, .4 mm in dia-
meter, in the middle horizontal section, The pressure mea-
surement points were for the inner and outer walls separated
by 30°, with the starting point at 0° (shown by dashes in
Figs 1 and 2,) Within the chamber the static pressure was
measured by means of a simple probe, provided, at a distance
of two centimeters from the streamlined inlet, with six fine
drill holes, The overall pressure was measured with a Pitot
tube, made from a fine steel tube of .4 mm outside diameter
and .3 mm inside diameter and placed on a streamlined supply
line, For close approach to the wall, the steel tube was
bent in an S-shape toward the wall (different for the inner
and outer walls,) The pressure measuring device was intro-
duced through the outer wall, drilled for the purpose at the
measuring points, By means of 2 micrometer screw which could
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be screwed onto a flange soldered to the wall, the measuring
device could be pushed through the chamber. Fig. 3 shows a
measuring point with micrometer screw and Pitot tube,
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Fig., 3. Pressure measuring connection on the
chamber wall (a) and pitot tube (b)
with operating mechanism (pitot tube
Holder, c¢; Threaded Spindle, d;
Casing, e; Spring, f; base, g.)

For measuring static and overall pressure micromanometers
with cbliquely placed measuring tubes were used, and for con-
trol of the amount of flow a manometer of Prandil's design.

Figs 4 and 5 show the entire experimental installation.
Fig 4 shows in the foreground the straightener and the motor
with the fan, Fig 5 the other side, with the arrangement of
the measuring points and the fastening of the cover by means
of clamps.

Fig. 4. Experimental installation, intake and fan
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Fig. 5. Experimental installation, the curved
chamber and measuring points

2. The Measuring

As already mentioned, the chamber walls were high in
relation to the distance between them so that an even flow
might be obtained in the middle section of the channel., For
determination of the limits within which this held true ad-
ditional measuring points were placed 90° on the vertical so
that measurements could be taken to within 7 cm of the 1lid,
The speed profile found at these points is shown in Fig. 6.
The effect of the lid or the bottom is to be reckoned with at
a distance approximately equal to the width of the channel,
i.e., approximately 10 cm from the 1lid, In the evaluations,
therefore, it was permissible with good approximation to re-
gard the layer extending from 10 cm below the lid to 10 above
the bottom as an even flow.

In all, three different chambers were investigated, in
part with, in part without approach channels, so that seven
different series of experiments resulted:



1) 2 A s 6) i e Ge-
Versuchs- Jmﬂml;::“:i‘;‘adlen {{a.n alweite Anla.u fatrecke nEinlauf 'ich]::itxlx;;kgi:en
reihe 3)innen 41, Ben in cm inm v in mfsek
A 10 20 10 3 ,s)ymmetrisch 11, 12,5, 14
B 15 20 5 3 »” 11,5, 14
c 15 20 5 x " 92, 13,1
D 10 20 10 1 ,,') vy 12,42, 14,36, 15,95
E 10 20 10 o unsymmetr. — i -
F 10 20 10 o symmetrisch | 11,3, 15,4, 17,2
H 49,5 50 9,5 o o, 12,7, 18,4, 19,3

|Legend]: 1) Experiment; 2) Curvature radii
in cm; 3) Inner; 4) OQuter; 5) Channel
width in cm; 6) Approach channel; 7) Intake;
8) Median speeds vy in m/sec; 9) Symmetrical;
10) Asymmetrical.

In general, each series of experiments was carried out
at three different speeds in order that a possible effect of
the Reynolds factor R = vy a/v (v, kinematic viscosity; a,
distance between channel walls; vy, median speed = amount
of flow: cross section) might be determined, In the B and
C series only two speeds were worked with, because already
after the first measurements it was apparent that the results
produced nothing new or could not be evaluated., The E series
was broken off after a few preliminary measurements., The
speed vy was determined from the pressure drop at the intake,

The first measurements were begun with determination
of the overall pressure:

G=p+%

Next, measurements were taken to the middle of the chamber
and then from the inner wall to the middle. The micrometer
position in which the Pitot tube touches the wall, i.e., the
initial point for measuring the distance of the tube from
the wall, is easily determined in the following manner, The
Pitot tube is turned in so close to the wall that its point
lies against the wall and the small tube is somewhat elasti-~
cally bent, If the tube is then inserted farther into the
chamber, with simultaneous measuring of the overall pressure,
the overall pressure naturally remains unchanged as long as
the tip of the small tube remains in contact with the wall.

At the moment when the small tube no longer touches the wall,
a rapid change in pressure is observed, since in the vicinity
of the wall there is a strong drop in the pressure, In this



way the zero position could be determined with an exactitude
of .1 mm, Since the tip of the Pitot tube had an outside
diameter of .4 mm, the first measuring point was established
at .2 mm from the wall, The holes for insertion of the Pitot
tube must, to the extent they are not used directly, be care-
fully sealed and smoothed with plasticine,.
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Fig. 6. Lines of equal speed in cross section,
$ = 90°, Experiment series D, vy =
15.95 m/sec.

For determination of the overall pressure, 23 measur-
ing points were established over the cross section, A third
fixed Pitot tube was inserted into the straightener box
through the cover, This Pitot tube  gives the overall pres-
sure of the potential flow, since according to Bernoulli's
equation the potential flow remains constant in the entire
area, This Pitot tube served as the zero point for the
other pressures, in that the potential flow was measured with
a manometer with respect to its difference with this overall
pressure, The pressure outside the curved chamber could not
be used as the zZero point because a small energy loss was
caused by the straightener, so that the outside pressure was
always somewhere higher than the overall pressure of the po-
tential flow.
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For determination of static pressures, nine points were
selected over the cross section for a given median speed, so
that eleven points had to be measured out on the wall at in-
tervals of 10 mm. Between individual readings the control
micromanometer was constantly checked and the pressure drop
in the chamber entrance, which had to be kept constant, ad-
justed when fluctuations in the speed of the fan motor oc-
curred, Prior to the beginning of an experiment series the
manometer was cakibrated, establishing the calibration factor
for the entire series, Next, everything was tested for leaks,
Barometric pressure and temperature readings were taken before
and after the determination of a cross section profile and
their average arithmetical value used, perhaps after some
adjustment.

3. Correction of the Measured Statical Pressures

In measuring the static pressure by means of a direct,
laterally inserted probe, a prerequisite for obtaining cor-
rect results is that the flow lines are straight and run par-
allel to the probe, i.s., that the flow is symmetrical around
the probe, In the curved chamber the flow lines are curved
and in addition radial speed components are present, especial-
ly in its first part; thus the flow is not symmetrical around
the probe, The greatest disturbances occur in the vicinity
of the outer and inner walls because here the probe readings
are considerably influenced by the adjacent walls; the de-
viation here, however, amounted to no more than 0 percent.

An attempt was therefore made to compensate for the errors by
mathematical means,

For correction of the measured static pressures the
circumstance was utilized that the differential coefficient
of the static pressure at a certain point depends on the
radius of the centrifugal force of the curved flow, Owing
to the radial velocity components one more term must be in-
troduced, namely ev dw/rdy, Thus we write

il Ly P (@)

where p is the static pressure, v the speed, w the radial
speed, r the radius, and © the density of the medium, The
term __.ev dw/rd’ can generally be ignored, since only in ex-
periments with strong curvature in the measuring cross sec=
tions 0° and 30° does it amount to about 5% of the term ev2/r,
Elsewhere it remains under 1%.
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The total pressure is

|

|

gu~ ' ’ ' (2)

thus for each point % 0v? = 2 (G —p).

i

This introduced into (1) gives
}
B2 G—p).

When we now introduce the pressure differences against the
pressure pj at the inner wall, we obtain

d(p— p;) 2 :
WP 2 [G—p—(p—pd]. @

This is a linear differential equation of the first order.
The solution, the correctness of which can easily be proven,
is

[ r .
E p—bi =z (G—p)ardr. | : @)

Thus in order to determine the static pressure it is
necessary only that the pressure at the inner wall p; and the
distribution of the total pressure G over the cross section
be known, and this is established with adequate accuracy
by means of the measuring. The static pressure py obtained
the outer wall serves as a check.

4. Experiments with Strong Curvatures

Since it was not known in advance how great the curva-
ture influences to be investigated were, chambers of rela-
tively short radii (strong curvature, Fig 2) were next inves-
tigated in order, if possible, to obtain an effect of the kind
to be expected.

The strong curvature, however, had the disadvantage
that a matching pressure increase appeared at the outer side,
But since during a pressure increase the boundary layer is
very greatly broadened, the influence of the wall curvature
was very difficult to separate from the influences of the
pressure rise, Contrary to expectation, the influence of the
curvature proved extraordinarily great.

The first experiments were undertaken in a 180° cham-
ber, with inner radius of 10 cm and outer radius of 20 cm
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(Fig. 2)., A straight entrance channel 3 m in length, without
rounded off surfaces,was placed ahead of the beginning of the
curve, According to the Blasius formula, for turbulent boun=
dary layer thickness, no area of potential flow was to be
expected in this channel at the beginning of the curvature.

A stationary flow condition, as perhaps might be conjectured
after a certain angle in the curved chamber, did not show up.
In addition, the fluctuations of the manometer were so great
during the measuring that the velocities could not be deter-
mined with adequate accuracy, For overcoming the main inter-
ferences, the straightener was next placed ahead of the en-
trance channel and a large wire screen ahead of the straighte-
ner, so that the great turbulence originating from the fan
were to a large extent eliminated before they reached the
entrance stretch (experiment Series A,)

In order to obtain separately the effects of concave
and convex curvatures, it was desirable to make the arrange-
ments so that the boundary layers on the outer and inner sides
of the chamber were separated by a middle layer in which po-
tential flow existed, To provide for this the entrance chan-
nel was shortened to one meter (Series D), so that at the be-
-ginning of the curvature a boundary layer 2.5 cm thick was
present at each side, At the outer wall the measurements now
showed a very high pressure rise, stretching from approxi-
mately 0° to 60°, A pressure rise always brings with it slower
speed and increased turbulence, and to the pressure rise is
added the effect of the curvature, so that at the angle of
90° the boundary layers occupy the entire cross section, In
the areas free from the disturbing effects andalone came into
question for evaluation of the curvature effect, there was no
longer an area of potential flow, In order now to make fur-
ther pursuit of boundary layer development possible, the one-
meter-long entrance channel was removed and the straightener
box attached directly to the curved chamber, making the
boundary layer thickness as small as possible at the begin-
ning, It amounted to only a few millimeters (Experiment
Series F,) But since the curvature radii remained the same,
the pressure increase pa at the outer wall and the pressure
decrease p; at the inrer wall were still present (Figs 7 and
8.) To be sure, this no longer had so great an effect upon
the thickness of the boundary layer, because at the beginning
of the curve it was almost zero.

For the purpose of eliminating the disturbing pressure
increase at the outer wall and the great pressure drop at
the inner wall, as well as observation of the boundary layer
development purely under the influence of centrifugal force,

- 11 -
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Fig. 8. Pressure at the outer wall in experi-
ment seris F (strong curvature) vy, =
15.4 m/sec

an attempt was made so to shape the entrance channel that
already at the entrance to the curved chamber a potential
flow would be present, which would to some degree approach
the later stationary condition (vr = constant.) Since the
velocities in the subsequent flow do not significantly change,
the pressure will also to some degree remain constant, To
attain this, the cross section of a channel with parallel
walls and a symmetrical entrance was pictured, conforming to
a function @ = eZ, In this picture the straight lines of

the z planes x = const are transformed into the circles of
the ¢ planes, i.e., the parallel walls of a curved chamber.
The symmetrical entrance to the straight channel is trans-
formed into an asymmetrical one at the curved chamber, An
entrance corresponding to this picture was now set in front
of the curved chamber. The former disturbing effect of the
pressure rise was almost eliminated by means of this spe-
cially shaped sheet metal, but because of space limitations
the installation could not be completely realized, so that nl
completely satisfactory potential flow resulted, This ex-
periment series was therefore not completed, only the static
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pressures being measured.
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& ment series H (weak curve) vy = 15.4
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Fig. 10. Pressure at the outer wall in experi-
ment series H (weak curve) v, = 18.4
m/sec

5. Experiments with Weaker Curvatures

Because the experiments with strong curvatures showed
that in every case the influence of the curwvature is very
great, and because in strong curvature satisfactory separa-
tion of the curvature influence from other influences met with
considerably difficulty, a new curved chamber was built, with
radii of 40.5 and 50 cm, i.e., a chamber of significantly
weaker curvatures (Fig. 1.) The weak curvature had the ad-
vantage that at the outer wall, from about 0° to 50°, there
was only a slight pressure increase (Fig. 9 and 10.) Since
in addition no entrance channel was used, the straightener
being directly attached to the chamber, the boundary layer at
the beginning of the curvature, where the pressure increase
becomes effective, was very thin, Therefore the abnormal
condition found in the boundary layer could be largely as-
cribed to the effect of centrifugal force upon the turbulence
in the boundary layer, From comparison of the results ob-
tained with this arrangement (Series H) with those obtained
with very strong curvature, it can be concluded, however,
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|Legend]: 1) Total pressure.

that in the latter as well the results apparently depended
mainly on centrifugal force and were not significantly af-
fected by the rise in pressure,

6. Review of the Flow Conditions Found

It one observes the total pressures plotted over the
radii of the middle horizontal cross section, one sees that
with an entrance stretch of one meter some potential flow
still remains at the 120° measuring point (Fig. 11.) Bound-
ary layer thickness increases greatly at the outer wall,
while at the inner wall it remains almost constant with the
increasing angle,

At stronger curvature and larger angles, that is,
where no potential flow any longer exists, the total pressure
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curves show, with increasing distance from the outer wall,
after an initial rise, a striking reduction, followed by
another rise to the maximum (see Fig 11, at 120° and 150°,)
This was observed to be especially strong in experiment ser-
ies A, The statis pressure curves arenot shown in Fig 11,
because their development offers nothing noteworthy compared
to the Figures that follows, The corrected static pressures
are shown in Figs 12 and 13.  The total pressure profile of
experiment series F (Fig 12) presents another picture to the
extent that the boundary layer thickness at the inner side
of the chamber amounts to only a few millimeters, The fall
in the total pressure observed in experiment series A and D
after an initial rise here does not appear with increasing
distance from the outer wall, However, a strikingly flatter
curve is found at the points concerned, Here, the curve for
180° is not shown, because the static pressure had probably
already been affected by the transmission section to the fan
located behind the chamber, The situation was different in
series H, where the chamber sheet metal at the exit extended
another 20 cm parallely to the motor axis, The total pres-~
sure curves present a somewhat different picture from those
of the strong curvature (Series H, Fig. 13). The pressure
drop is very slightly stronger;  accordingly, the boundary
layer does not remain constant but increases up to complete
disappearance of the potential flow after about 15 mm. At
the outer wall the boundary layer thickness increases with
the angle significantly more rapidly than isthe case in Ser-
ies ¥. Here, however, one must take into consideration, in
addition tothe increased turbulence exchange, also the longer
distances the particles must travel, The curves for the sta-
tic pressures are much flatter than the corresponding ones
for Series H., The total and static pressure curves for dif-
ferent average velocities show tolerable close affinity,
Accordingly, an appreciable influence of the Reynolds number
does not seem to appear at the velocities 12.7 to 19.3 m/sec
used, Therefore the curves for a series of measurements
were shown only for an average velocity of v, = 18.4.

The ideal case of a friction-free flow in the curved
chamber is that of a velocity inversely proportional to the
radius: v = k/r. Here, k is a constant determined by the
size of the chamber and the average velocity, In these in-
vestigations an 180° curved chamber was now attached to a
straight entrance channel, The symmetrical velocity distri-
bution which in the abstract exists in the straight channel
seeks, just prior to entering the curved chamber, to conform
to the flow pattern in the chamber, i.e., the hyperbolic dis~-
tribution. This means that already in the straight channel
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|Legend]: 1) pressure.
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Fig. 13. Total pressure (upper) and statical
pressure (lower) for experiment ser-
ies H (weak curvature), v, = 18.4
m/sec. Concerning the pressure scale,

see Fig 11.

there exists a pressure increase or pressure reduction, On
the outer side this pressure increase is considerably rein-
forced upon entrance into the curved chamber. If we now col-
gider the velocities in a chamber with strong curvature and
an entrance channel of one meter (Fig.l4) and thus showing a
boundary layer thickness of about 2.5 cm at each side at the
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beginning of the chamber curve, traced over the radii and de-
pendent upon the angle, we see that the approximation to the
hyperbolic distribution is completed between 0° to 90°, The
dashed curve lon the graph] always represents the ideal velo-
city distribution, 1In an arrangement without the entrance
channel also, an asymmetrical velocity distribution obtains
already at the entrance to the curvature (Fig 15), since the
pressure rise or pressure drop already exercise their influence
upon the flow, To be sure, there exists here an essential
variation, namely that the boundary layers at first amount to
only a few millimeters; therefore the thickening caused by
the pressure rise does not in itself amount to much, and a
spread-out potential flow thus exists between the boundary
layers, The velocities were here determined simply by the
static pressure, and a good approach to the ideal distribu-
tion of the potential flow may be expected, As shown in Fig.
15, a very good approximation is reached already at 30°, If
the chamber wills are only weakly curved, a sharp transition
of the not quite symmetrical distribution (Fig. 16, experiment
series H) at the entrance to the curved chamber to a hyper~
bolic one is not present, because even the entire variation

is not large enough, Boundary layer thicknesses increase at
both sides, The initial pressure drop at the inner wall and
the increase at the outer wall come to an end at approximately
60° (Figs 9 and 10), which is also shown by the changes in
the velocity, Toward the end of the curved chamber the tran-
sition to symmetrical flow is noticeable, At 180° the pro-
file again approaches that at 0°,

The radial velocities were calculated on the basis of
the continuity conditions, It proved that in experiment ser-
ies F (Fig 17) they could at the beginning of the curved:
chamber amount to approximately 10% of the average velocity.
And here, of course, they are directed inward, i.e., nega-
tively, if we designate the direction from the center out-
ward as positive, A thin silk thread inserted into the flow
also shows a deviation from the tangential direction, At
larger angles the transverse velocities sink to lower values
and toward the end of the curved chamber they once more ap-
proach larger positive values, The main flow seeks at the
end of the chamber once more to approach a symmetrical dis-
tribution,.

In the arrangement with weak curvature (experiment
series H, Fig 18) the radial velocities w are very small,
corresponding to the small changes in the velocity profile,
At their highest value they did not even reach 1% of the aver-
age velocity (in Fig 18 the scale is ten times larger than
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Fig. 14. Velocity profile for experiment series
D (strong curvature, one-meter entrance
channel), vy = 15.5 m/sec. The scale
for v is ¢ = 0°, The curves for the
next angles are always displaced upward
by 1 m/sec.

that in Fig 17.) In other respects, this profile shows almost
the same characteristics of distribution over the cross sec-
tion as the radial components present with greater curvature,

In order to show the affinity of the velocity profiles
for various Reynolds numbers, the relationship of the veloci-
ties v to the mean velocity vy for the three mean speeds use
was drawn in Fig 19 for the 90° cross section of experiment
series D, It is seen that the curves for various mean speeds
used was drawn in Fig 19 for the 90° cross section of exper-
iment series D, It is seen that the curves for varicus mean
speeds agree folerable well.
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Vp = 15.4 m/sec

II. Evaluation of the Expe:iments

1., Calculation of the Tangential Stresses

For calculation of the tangential stresses over a
cross section, one takes a middle horizontal layer of thick-
ness 1 and considers an element with the radii r and r + dr
and angular aperture d9 (Fig 20) and applies the theorem of
momentum which states that the moment of the impulse appear-
ing on the surface of a fluid in 2 limited space (emerging
impulse negative) is in balance with the moment of the ex-
terior force acting upon it,.
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One obtains:

1. The impulse moment of the fluid flowing in the tangential

direction -gr%%drd¢,
2. The moment of the pressure
1 —r——drdtp,
3. The impulse moment:of the fluid flowing in tﬁe tangential
direction
L LT

4. The moment of the tangential stress

3, ‘”‘Tfld rdg.

i
i

These four moments must be in balance. This gives

() ‘ d(yﬂwu)
5= -—+7 -—+
d d
- <_.§ _.._d';+ ) zd:p+9w72 +297wv+vrzg——dlf. (5)

The members dp/d¢ + edvz/Zdy produce the differential quo-
tient dG/dy of the total energy G lequation (2)] according
to the angle, Thus we have

d(rr®)

o dvt
dr +

2d‘p+9wr<'d3’vf*"’);Lev’(‘mw%). ®

The continuity gives the equation

w 23 =

o,



dv
+w=—- .

4

g

d
P +d—=o oder 7

~

If equation (6) is now introduced, the equation is simplified
to

a2y =r—+gwr(v+r%>. (7)

1f one differentiates the equation G = p + €v2/2 according

tor a6 d d
_4f v
ar —ar Te'g

and writes according to (1)

aG v? w dv. _ pv dv) gvdw
or ——rﬁ_}—-gv%—i—gvdr— r(v+rdr v do
dv r dG | dw
v T gvar T ag (

It one introduces this value into equation (7) one obtains

Az o) B iG . L w i . iw RS — )

The integral between the limits rj (radius of the inmner wall)
and r gives the final result:

I.46 ., wdG dw .
a Tﬂ:ﬂf('d_&_*—’zT'ﬁ'*'QerE)dr lf.‘
oxr :
7
AN T aG wdG dw
i T"\T) {ri-}-;?‘f(rﬁql—yﬁ_v_dr+gwrd¢>dr]. (9)
ki3

The term dw/dg can be ignored in the evaluation since it is
not very large, In this equation (9) for the tangential
stress 7 all values are given by experimental data, or can
be determined from them.

- 24 -



The differential quotients dG/d9 and dG/dr must be
determined graphically. The tangential stress at the inner
wall is determined on the basis of the tangential stress in
the potential flow., This is

dy v iﬁ)
1="‘(Ti_;m7 rdel’

which with v = k/r and w = 0 gives

k
T == —2[-4-;;

Compared to the tangential stresses in the friction layer
thisis so small that it can be assigned zerc value; this pro-
duces

7, = —%J‘(fl-i—c- + rﬂ-:'—%%dr. (10)

The wall tangential stress 7. can be found also in
another way, which may serve as a check, One considers an
element of the horizontal section of depth 1, enclosed by
the radii rj and ro and the lines of the basic angle; 1,
is a radius at which the potential flow exists, Thus the
deliminated element extends from the wall of the curved cham-
ber through the boundary layer to the potential flow, If one
now considers the changes in the impulse moments and the force
moments, one obtains®

1. The moment of the impulse difference in the tangential
direction

) Ts
frgvfdr—~frgv§dr,
kg3 4

2. The moment of the pressure difference

Ty To

J."Pldf - I'Pﬁd"

i e

3. The moment of the impulse transfer through the outer
delimiting surfaces &8s 2 result of the radial velocity

differences
@+l

— o Jworivpde.
L4
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According to the impulse theorsem ohe writes

E ) p+1

! Te Ts To
vt=[ervtar— [orvddr+ [rpydr— [rpidr—o [ werdudp.  (17)
; 4 % 8 4

i T

Turning now from the differences teo the differentials, with
concentration of the terms

Ty ’ 7o
E, fgrv§d7+f91>1dr usw.,
" e

one obhtains
o 03
aG
nrf=fr;;dr+gfrv%dr~gwovor§. (12)
” 41 .

On the basis of the continuity, one can write

Te
dv ’
) dr == gw,7,.
1

Introduced into equation (12}, this results in

Te Ta

i aG dv dy

§T"'?=f'nd’+@f('"zad’*a‘a’°”o)d'
4] Ti

!

Ty

| 1 aG dv dv
: T,-——-,—ig' [f-&—(}—)*-{*Q(T!}E—rovod—&)] dar. (13)

4

In this equation alsc, all values are determined through the
experiments,

2. The Apparent Kinematic Viscosity and the Free Path of
the Turbulent Exchange movement

For a laminar flow along a straight wall the simple
equation 7 = x.dv/dy applies; if for the viscosity one sub-
stitutes the kinematic viscosity v = 4/¢, then = pv dv/dy.
It the flow becomes turbulent, the apparent kinematic vis-
cosity & takes the place of the kinematic viscosity v, but
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here it should be taken into consideration that ¢ is not
constant over the cross section, Just as v is a measure

of the impulse exchange among the individual molecules, which
remains constant over the cross section, & can be regarded
as a measure of the impulse exchange of single trubulence
complexes, and the exchange velocity of which does not re-
main constant over the cross section, The tangential stress
is calculated from the impulse theorem [equation (9)]. On
the other hand, the Boussinesq formula

Tyt (14)

applies to the curved chamber.

Equations (9) and (14) result in the following expres-
sion for the apparent kinetic viscosity

o : (15)

According to a formula by Prandtl, the apparent vis~
cos1ty can now be further interpreted; it has the dimension
Im2/sec] and can be split into a velocity = and a length 1,
Here ' indicates the mean stopping distance of a turbulence
complex; this has the same meaning at the free path of the
molecules in the kinetic category, The velocity =z is then the
mean transverse velocity at which the turbulence complexes
pass through the surface of alayer from both sides., Prandtl
showed that E-—uz up to a proportionality factor included in
the value of !, For the median transverse velocity w in a
linear flow it is further assumed that the difference in vel-
ocity between two adjacent flows with velocities v + 2/2 and
v 2/2 dv/dy dv/dy, between which impulse exchange occurs, is
proportional (y = path vertical to direction of flow,)

Thus one writes

uml[;g;-

and thereby, when here also the proportionality factor is
included.
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or I l= . ' (16)
| v
ay |

In the case of curved flow lines, a '"natural" velocity
drop is present already in the potential flow, For approp-
riate application of Prandtl's theorem one must therefore
replace dv/dy by d/v - v/y.

€
o VAT e (a7)
ar "y

3. The Values Found for 7, & and !

The tangential stresses 7 calculated according to equa-
tion (9) are shown in Figs 21, 22, and 23, It is seen that
tolerable smooth curves can be drawn through the separate val-
ues, and that only a few points fall outside the curves. The
curves for 180° were left out because here the determination
of the ditfferential quotient dG/d¢ was to unsure, Similarly
the radial velocities for 180° must be extrapolated, so that
here also, inaccuracies of some size might result. For the
tangential stresses at 0° large errors might appear through
inexact determination of the mentioned values.

The tangential stress curves run approximately as fol-
lows: From a certain positive value at the inner wall, the
values tall off to close to zmero in the potential flow, As
soon as the outer boundary layer appears, the = values very
rapidly take on higher negative values and are then, grad-
ually decreasing in value, transferred to the outer wall. In
the case of strong curvatures, the curve in some cases rises
again somewhat toward the outer wall; the tangential stress
is thus once more reduced somewhat toward the outer wall,

The tangential stress in the inner boundary layers of the
curved chamber presents little that is noteworthy, Here,

the boundary layer thicknesses changes only little, for the
tangential stress curves run, according to pressure condi-
tions, more or lesssteeply. A maximum directly on the wall
is reached where the transition to asymmetrical flow is at

an end, A significantly more interesting picture is presented
by the tangential stress curves for the outer curved surface.
Where the velocity distribution approaches the ideal (end of
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the transition area) a pressure maximum lies at the outer
wall, These points, according to the measurements, lie about
in the area between 30° and 60°. According to the impulse
theorem for tangential stress, a minimum at the outer wall
and a maximum at the inner wall result here, If a very strong
pressure rise should result at the outer wall, i.e., much
velocity energy be transformed into pressure energy, the tan-
gential stress would finally drop to zero, or even become peg-
ative. This means that at the outer wall the particles would
no longer move forward, or would éven wander backward, In
these cases, eddies appear. Although in the investigated
curved chambers no eddies appeared, an obvious drop in the
tangential stress toward the wall was found in experiment
series D and F, which is to be regarded as the preliminary
stage to the formation of eddies.

For determination. ofthe apparent kinematic viscosity
¢ one must divide the value for 7lequation (9)] by the value

(g =+ +5)
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Fig. 21, Distribution of tangential stresses in
experiment series D (Strong curvature,
one-meter entrance chamber, Vip = 15.95
m/sec.
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The term dw/rd ¢ can be eliminated, since at the most it
amounts to only a few percent of the other two terms, and
since the uncertainty of the other two terms is usually con-
siderably greater, particularly if it is a case of a graph-
ically found differential gquotient.

Consideration of the obtained curves (Figs 24, 25)
shows that the apparent kinematic viscosities in the inner
boundary layer are, in contrast to those in the ocuter bound~
ary layer, very small, This means that the inner boundary
layer is considerably more stable than the outer one, At
the outer curved surface the value & at the transition of the
potential flow in the boundary layer rises very rapidly, in-
creases with the growing angle, and at 150° reaches 500 times
the value of the kinematic viscosity.

912

a7

o z [kyin’]

309

408

407

q06

405

qou

403

402

a1 ——rim/

X -

_4011 a{f a7 48 4% 4u 4% DK X{E\qﬂ
o AN
- 1 \ %
403 +

-0,04 } \ \
_' \l I
0,05 1 \ T
N
-407 ; o
~-G,08

-409
-gm |
-g11

-7 ‘ | i

Fig. 22, Distribution of tangential stresses in
experiment series F (strong curvature,
without entrance chamber.,) vy = 15.4
m/sec
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In the work by Doench similar increases were found in the
apparent viscosity, For the purpose of determining to what
extent the pressure rise in the first part of the curved cham-
ber in our experiments has an effect, the ratio of the pres-
sure rise in a path at the entrance to the chamber equal in
length to the thickness of the boundary layer to the dynamic
pressure of the unaffected velocity €¢/2 2/0 may be selected
as a scale for comparison, In the work by Doench the value
of about .02 resulted for this with a channel of .81° widen~
ing, In experiment series H it is in the area of ¢= 0° to
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Fig. 23. Distribution of tangential stresses in ex-
eriment series H (weak curvature,) vy =

8.4 m/sec
, | —
sl L 1 | ]
. &~ 1000({m5ek} ! T\
; | P4TR"
2 / y. \ \
, yAWAWs
’ —ril| YT KT
Q7 on gz 48 4w 48 4% 47 4B 48 42

Fig. 24. Apparent kinematic viscosity £ in experi-~
ment series F (Strong curvature, without
entrance channel,) vy = 15.4 m/sec. (Curve
characteristics as in Figs 11 to 13.)
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[Legend]: a) Experiment series.

¢ = 30° about .0055, or only one fourth of that found by
Doench, It can therefore very well be assumed that the rela-
tively small pressure rise is of no decisive importance;
moreover in e xperiment series H, at the angle of .$:>30° no
influence of the pressure rise is apparent, Thus one is jus=-
tified in ascribing the dewe lopment of &, and thereby the
development of the boundary layer, mainly to the effect of
the curvature, This also makes it likely that in experiment
series H, as well, in which the effect of the pressure rise
cannot be separated from that of curvature, the changes found
in the tangential stresses and the apparent viscosity must be
ascribed to the effect of the curvature.

When at the beginning of the curved chamber a thicker
boundary layer is present, as in experiment series D, the
situation is different, The pressure rise at the outer wall
will here certainly exert a greater influence, for here the
total pressure curves (Fig 11), which also give the boundary
layer thickness, show fmt from 0° to 30° the boundary layer
thickness increases much more rapidly than is the case with
weaker or stronger curvatures with initially thinner boundary
layers., The influence of the pressure rise cannot very well
be separated from that of the curvature,

Figs. 26 and 27 show according to equation (17) the
curves of 7 values for experiment series F and H. At 150°.
the ! values reach the maximum value of 2.6 cm, In experi-
ment series F the curves at the outer wall rise somewhat more
steeply than the corresponding curves for the H series, 1In
other respects they are similar, Within the potential flow
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the values are undetermined, since here the denominator of
the root [dv/dr ~ v/r] becomes zero, In the ihner boundary
layer the free paths reach no high values, In experiment ser-
ies F the magnitude of ! in the inner boundary layer is even
smaller than in Series H, Thus the turbulence at the inner
side is reduced with reduced curvature.

Finally, ! curves at the outer wall at 60° and 120°
for experiment series H and F were compared to [ curves at
a straight wall (Fig 28.) Values for the outer wall were .
calculated from velocitg and boundary layer data in a work
by van der Hegge Zijnen® and a work by Hansen®, The ratio
of the distance of the wall ¥ to the boundary layer thickness
© was taken as the abscissa dnd the ratio !/4 as the ordinate,
The border layer thickness 6 is here the distance from the
wall to the potential flow. The curves for the curves cham-
ber show a considerable deviation from those of the straight
wall.

Summary

These experiments were undertaken for the purpose of
determining whether events in turbulent boundary layers were
affected by a curvature in the surface. Of the experiment
series carried out, series H and F, in which the inner and
outer curved surfaces were separated by a layer of potential
flow, were in the main evaluated, along with, in part, series
D. A theoretical consideration of impulses produced formulas
for calculation of tangential stress 7 and thereby the ex-
change value of & of the impulse (the apparent kinematic
viscosity), as well as the free path !/ of the turbulent ex-
change moment connected with it, A comparison of the [ curves
with those of a straight path produced much higher values than
those for the straight plate.

Although the obtained results were made somewhat ob~
scure by disturbing secondary influences, caused in particular
by the pressure conditions obtaining at the entrance and exit
to the curved chamber, they may in the main be attributed to
the curvatures. The results reported are in many respects
still imcomplete, butthey nevertheless show that boundary
layer events at curved surfaces should be ascribed more im-
portance than has generally been the case up to the present,
in that at concave surfaces the turbulence is very greatly
increased, while at convex surfaces it is reduced.
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